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Abstract
A detailed analysis of the structure and gauge dependence of the bulk-to-bulk
propagators for the higher spin gauge fields in AdS space is performed. The
possible freedom in the construction of the propagators is investigated and fixed
by the correct boundary behaviour and correspondence to the representation
theory results for the AdS space isometry group. The classical origin of the
Goldstone mode and its connection with the gauge fixing procedure is considered.
∗On leave from Yerevan Physics Institute
1 Introduction
The AdS4/CFT3 correspondence of the critical O(N) sigma model and four di-
mensional higher spin gauge theory in anti de Sitter space (HS(4)) proposed in
[1] increased the interest in the old problems of quantization and interaction of
the higher spin gauge theories in AdS space [2, 3]. This case of the general
AdSd+1/CFTd [4] correspondence is interesting also in view of the investigation
of gauge symmetry breaking and mass generation on the higher spin side which
are related to well explored properties of the corresponding CFT boundary the-
ory at next-to-leading order in 1
N
. This allows us to compare the result for the
anomalous dimensions of conserved currents of the critical O(N) model with the
the loop corrections to the bulk-to-bulk propagator of the HS(4) following from
the possible special interaction between gauge and conformal scalar fields in AdS.
This was done in the last papers of the authors [5, 6] where the mass correction
for the HS(4) field was evaluated. The analysis of the mass generation for the
HS(4) gauge fields and its comparison with the anomalous dimensions of the con-
formal currents at large N limit is important not only for better understanding
of the Higgs phenomenon for HS(4) theory [7, 8] but also for getting an answer
to a more general question: Does AdS/CFT work correctly on the level of loop
diagrams in the general case and is it possible to use this correspondence for real
reconstruction of unknown local interacting theories on the bulk from more or
less well known conformal field theories on the boundary side [9, 10] ? For this
purpose a better understanding of the structure of the bulk-to-bulk propagators
of the higher spin gauge fields becomes very important just as an investigation
of the possible forms of local interactions between HS gauge and scalar fields
[11, 12].
In this article we perform a precise analysis of the gauge fixing procedure in
the Fronsdal theory of massless higher spin fields, and analyze its quantization
constructing the correct bulk-to-bulk propagator of the higher spin theory. We
describe also on the classical level the origin of the Goldstone mode responsible
for the quantum mass generation mechanism considered in the previous paper
[6].
2
2 De Donder gauge and Goldstone mode
We will use Euclidian AdSd+1 with conformal flat metric, curvature and covariant
derivatives satisfying
ds2 = gµν(z)dz
µdzν =
L2
(z0)2
δµνdz
µdzν ,
√
g =
Ld+1
(z0)d+1
,
[∇µ, ∇ν ]V ρλ = R σµνλ V ρσ −R ρµνσ V σλ ,
R ρµνλ = −
1
(z0)2
(
δµλδ
ρ
ν − δνλδρµ
)
= − 1
L2
(
gµλ(z)δ
ρ
ν − gνλ(z)δρµ
)
,
Rµν = − d
(z0)2
δµν = − d
L2
gµν(z) , R = −d(d+ 1)
L2
.
For shortening the notation and calculation we contract all rank ℓ symmetric
tensors with the ℓ-fold tensor product of a vector aµ. In this notation Fronsdal’s
equation of motion [2] for the double traceless spin ℓ field is (from now on we put
L = 1)
F(h(ℓ)(z; a)) = ✷h(ℓ)(z; a)− (a∇)∇µ ∂
∂aµ
h(ℓ) +
1
2
(a∇)2✷ah(ℓ)(z; a)
− (ℓ2 + ℓ(d− 5)− 2(d− 2))h(ℓ) − a2✷ah(ℓ−2)(z; a) = 0, (1)
✷a✷ah
(ℓ) = 0, (2)
✷ = ∇µ∇µ ,✷a = gµν ∂
2
∂aµ∂aν
, (a∇) = aµ∇µ, a2 = gµν(z)aµaν . (3)
The basic property of this equation is higher spin gauge invariance with the
traceless parameter ǫ(ℓ−1)(z; a),
δh(ℓ)(z; a) = (a∇)ǫ(ℓ−1)(z; a), ✷aǫ(ℓ−1)(z; a) = 0, δF(h(ℓ)(z; a)) = 0. (4)
The equation (1) can be simplified by gauge fixing. It is easy to see that in the
so called de Donder gauge
D(ℓ−1)(h(ℓ)) = ∇µ ∂
∂aµ
h(ℓ) − 1
2
(a∇)✷ah(ℓ) = 0, (5)
Fronsdal’s equation simplifies to
FdD(h(ℓ)) = ✷h(ℓ) − (ℓ2 + ℓ(d− 5)− 2(d− 2))h(ℓ) − a2✷ah(ℓ−2) = 0. (6)
It was shown (see for example [13]) that in the de Donder gauge the residual
gauge symmetry leads to the tracelessness of the on-shell fields. So we can define
our massless physical spin ℓ modes as traceless and transverse symmetric tensor
fields satisfying the equation (6)
[✷+ ℓ]h(ℓ) = ∆ℓ(∆ℓ − d)h(ℓ), (7)
✷ah
(ℓ) = ∇µ ∂
∂aµ
h(ℓ) = 0, (8)
∆ℓ = ℓ+ d− 2. (9)
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Note that equation (7) for ℓ = 0 coincides with the equation for the massless
conformal coupled scalar only for d = 3.
In a similar way we can describe the massive higher spin modes using the same
set of constraints on the general symmetric tensor field φ(ℓ)(z, a) [14] but with
the independent conformal weight ∆ (dimension) of the corresponding massive
(in means of AdS field) representation of the SO(d+ 1, 1) isometry group. This
general representation with two independent quantum numbers [∆, ℓ] under the
maximal compact subgroup goes, after imposing a shortening condition ∆ =
∆ℓ = ℓ + d − 2, to the massless higher spin case (7)-(9) with the following
decomposition [5, 7, 8]
lim
∆→ℓ+d−2
[∆, ℓ] = [ℓ+ d− 2, ℓ]⊕ [ℓ+ d− 1, ℓ− 1]. (10)
The additional massive representation [ℓ + d − 1, ℓ − 1] is the Goldstone field.
Reading this decomposition from the opposite side, we can interpret it as swal-
lowing of the massive spin ℓ− 1 Goldstone field by the massless spin ℓ field with
generation of a mass for the latter one [6]. For better understanding of this phe-
nomenon we need a more careful investigation of the gauge invariant equation
(1) in more general gauges.
First of all note that the gauge parameter ǫ(ℓ−1) is a traceless rank ℓ − 1
tensor and therefore in any off-shell consideration (quantization, propagator and
perturbation theory) we can use only gauge conditions with the same number of
degrees of freedom. The de-Donder gauge (5) is just such a type of the gauge
due to the tracelessness of the D(ℓ−1)(h(ℓ)). Nevertheless for on-shell states we
can impose more restrictive gauges. Here we consider a one-parameter family of
gauge fixing conditions
G(ℓ−1)α (h(ℓ)) = ∇µ
∂
∂aµ
h(ℓ) − 1
α
(a∇)✷ah(ℓ) = 0 (11)
This gauge condition coincides with the traceless de Donder gauge if α = 2
(✷aG(ℓ−1)2 = ✷aD(ℓ−1) = 0). Then we can write our double traceless field h(ℓ)(z; a)
as a sum of the two traceless spin ℓ and ℓ− 2 fields ψ(ℓ)(z; a) and θ(ℓ−2)(z; a)
h(ℓ)(z; a) = ψ(ℓ) +
a2
2α0
θ(ℓ−2)(z; a) , (12)
✷ah
(ℓ) = θ(ℓ−2) , ✷aψ
(ℓ) = ✷aθ
(ℓ−2) = 0, (13)
α0 = d+ 2ℓ− 3. (14)
In this parametrization Fronsdal’s equation of motion with the gauge condition
(11) can be written in the form of the following system of equations for the two
4
independent traceless fields ψ(ℓ) and θ(ℓ−2)
∇µ ∂
∂aµ
ψ(ℓ) +
a2
2α0
∇µ ∂
∂aµ
θ(ℓ−2) =
α0 − α
αα0
(a∇)θ(ℓ−2), (15)
(✷+ ℓ)ψ(ℓ) +
α− 2
2α
[
(a∇)2θ(ℓ−2) − a2α(α0 − 1)
α0(α− 1)θ
(ℓ−2)
]
= ∆ℓ(∆ℓ − d)ψ(ℓ), (16)
(✷+ ℓ− 2) θ(ℓ−2) =
[
∆θ(∆θ − d) + α0 − α
α− 1
]
θ(ℓ−2), (17)
∆ℓ = d+ ℓ− 2 , ∆θ = d+ ℓ− 1. (18)
Now we are ready to discuss different gauge conditions. First of all we see that
the de Donder gauge (α = 2) leads to the complete separation of the equations
of motion for ψ(ℓ) and θ(ℓ−2) fields. On the other hand the gauge condition (15)
becomes just traceless for α = 2 and keeps on to connect the divergence of ψ(ℓ)
and the traceless part of the gradient of θ(ℓ−2)
∇µ ∂
∂aµ
ψ(ℓ)(z; a) =
α0 − 2
2α0
G(ℓ−1)(z; a), (19)
G(ℓ−1)(z; a) = (a∇)θ(ℓ−2)(z; a)− a
2
α0 − 2∇
µ ∂
∂aµ
θ(ℓ−2)(z; a). (20)
Here G(ℓ−1) corresponds to the Goldstone representation. Indeed using the equa-
tions of motion (16) and (17) with α = 2 one can derive that the G(ℓ−1) field
obeys the following on-shell equation
(✷+ ℓ− 1)G(ℓ−1)(z; a) = ∆θ(∆θ − d)G(ℓ−1)(z; a) (21)
corresponding to the Goldstone representation [∆θ = ℓ + d − 1, ℓ− 1] arising in
(10). This mode can be gauged away on the classical level together with the trace
θ(ℓ−2) but only on-shell. Therefore on the quantum level this mode can arise in
loop diagrams and will play the crucial role in the mechanism of mass generation
for the higher spin gauge fields as it was shown in our previous paper [6].
Now we return to (15)-(18) and consider the next interesting gauge α =
d + 2ℓ − 3. This is a generalization for the higher spin case of the so-called
”Landau” gauge considered in [15] for the case of the graviton in AdSd+1. But
the difference between the higher spin and graviton (ℓ = 2) cases is essential. For
the graviton we can apply this ”Landau” gauge
∇µhµν = 1
d+ 1
∂νh
µ
µ (22)
off-shell also because the trace is scalar here and this gauge fixes the same number
of degrees of freedom as the de Donder gauge. For ℓ > 2, α 6= 2 it is easy to see
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that condition (15) after taking the trace forces the trace components θ(ℓ−2) of
our double traceless field h(ℓ) to be transverse
∇µ ∂
∂aµ
θ(ℓ−2) = 0, (23)
∇µ ∂
∂aµ
ψ(ℓ) =
α0 − α
αα0
(a∇)θ(ℓ−2). (24)
Moreover in the ”Landau” gauge (α = α0) the ψ
(ℓ) component is also transverse
but it’s equation of motion is not diagonal like in the de Donder gauge. On the
other hand the equation of motion for the field θ(ℓ−2) is simplified and we have
for this field the realization of the representation [∆θ = ℓ+ d− 1, ℓ− 2]
(✷+ ℓ− 2) θ(ℓ−2) = ∆θ(∆θ − d)θ(ℓ−2). (25)
So we see that only in the de Donder gauge we have a diagonal equation of motion
for the physical ψ(ℓ) components but this component is not transversal due to the
presence of the [ℓ + d − 1, ℓ − 1] Goldstone mode G(ℓ−1). This gauge is most
suitable for the quantization and construction of the bulk-to-bulk propagator
and for the investigation of the AdS4/CFT3 correspondence in the case of the
critical conformal O(N) boundary sigma model.
3 Propagator
Here we perform a precise analysis of the leading terms of the bulk-to-bulk prop-
agator obtained in [16] using boundary integration of the bulk-to-boundary prop-
agators constructed in [18] using representation theory. Here we construct and
analyse the general bitensorial ansatz satisfying the de Donder gauge condition
(5) and the equation of motion (6) with the corresponding delta function on the
right hand side. This type of analysis can be simplified due to the following two
properties of the AdS space propagators [16, 17]:
• The propagator is a function of only one bilocal invariant variable, the
geodesic distance
ζ(z1, z2) =
(z01)
2 + (z02)
2 + (~z1 − ~z2)2
2z01z
0
2
= 1 +
(z1 − z2)µ(z1 − z2)νδµν
2z01z
0
2
(26)
• The tensorial structure of the bulk-to-bulk propagator can be explored using
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the following basis of the independent bitensors [19], [20], [21], [16]
I1(a, c) := (a∂)1(c∂)2ζ(z1, z2), (27)
I2(a, c) := (a∂)1ζ(z1, z2)(c∂)2ζ(z1, z2), (28)
I3(a, c) := a
2
1I
2
2c + c
2
2I
2
1a, (29)
I4 := a
2
1c
2
2, (30)
I1a := (a∂)1ζ(z1, z2) , I2c := (c∂)2ζ(z1, z2), (31)
(a∂)1 = a
µ ∂
∂zµ1
, (c∂)2 = c
µ ∂
∂zµ2
, (32)
a21 = gµν(z1)a
µaν , c22 = gµν(z2)c
µcν . (33)
Using this basis we can start to construct the general ansatz. First we intro-
duce a special map from set {Fk(ζ)}ℓk=0 of the ℓ + 1 functions on ζ to the space
of ℓ× ℓ bitensors
Ψℓ[F ] =
ℓ∑
k=0
Iℓ−k1 (a, c)I
k
2 (a, c)Fk(ζ). (34)
The general expansion can be expressed then as
Kℓ(a, c) = Ψℓ[F ] +
∑
n,m; 0<2(n+m)<ℓ
In3 I
m
4 Ψ
ℓ−2(n+m)[G(n,m)]. (35)
We call all monomials in the above sum and the corresponding sets of functions
{G(n,m)k }ℓ−2(n+m)k=0 the ”trace terms”. The trace terms can be analyzed using the
computer program [17]. We select the first part and the first and second order
trace terms of (35)
Kℓ(a, c) = Ψℓ[F ] + I3Ψ
ℓ−2[G] + I4Ψ
ℓ−2[T ] + I23Ψ
ℓ−4[H ] + . . . , (36)
{G(1,0)k }ℓ−2k=0 = {Gk}ℓ−2k=0, {G(0,1)k }ℓ−2k=0 = {Tk}ℓ−2k=0, {G(2,0)k }ℓ−4k=0 = {Hk}ℓ−4k=0,(37)
and analyze the restrictions coming from the de Donder gauge fixing and equation
of motion. In other words we want to derive differential and algebraical recursion
relations for the corresponding sets of functions (37) following from the equations
for the bulk-to-bulk propagator in the de Donder gauge. First let’s define the
trace map
✷aΨ
ℓ[F ] = I22cΨ
ℓ−2[TrℓF ] +O(c
2
2), (38)
(TrℓF )k = (ℓ− k)(ℓ− k − 1)Fk + 2(k + 1)(ℓ− k − 1)ζFk+1
+(k + 2)(k + 1)(ζ2 − 1)Fk+2, (39)
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the divergence and gradient maps
∇µ ∂
∂aµ
Ψℓ[F ] = I2cΨ
ℓ−1[DivℓF ] +O(c
2
2), (40)
(DivℓF )k = (ℓ− k)ζF ′k + (k + 1)(ζ2 − 1)F ′k+1
+(ℓ− k)(ℓ+ d+ k)Fk + (k + 1)(ℓ+ d+ k + 1)ζFk+1, (41)
(a∇)Ψℓ[F ] = I1aΨℓ[GradℓF ] +O(a21), (42)
(GradℓF )k = F
′
k + (k + 1)Fk+1, F
′
k :=
∂
∂ζ
Fk(ζ), (43)
and finally the Laplacian map
✷Ψℓ[F ] = Ψℓ[LapℓF ] +O(a
2
1, c
2
2), (44)
(LapℓF )k = (ζ
2 − 1)F ′′k + (d+ 1 + 4k)ζF ′k + [ℓ+ k(d+ 2ℓ− k)]Fk
+2ζ(k + 1)2Fk+1 + 2(ℓ− k + 1)F ′k−1, (45)
✷Fk(ζ) = (ζ
2 − 1)F ′′k + (d+ 1)ζF ′k. (46)
For the derivation of these maps we used several relations for the derivatives of
the bitensors listed in the Appendix A.
Now we start to explore the restrictions on the sets of functions F , G and H
in (36) given by the following equations for the propagator in de Donder gauge
✷a✷aK
ℓ(a, c; ζ) = 0, (47)
∇µ ∂
∂aµ
Kℓ(a, c; ζ) =
1
2
(a∇)✷aKℓ(a, c; ζ), (48)
(✷+ ℓ)Kℓ(a, c; ζ)− a2✷aKℓ(a, c; ζ) = ∆ℓ(∆ℓ − d)Kℓ(a, c; ζ), ζ 6= 1. (49)
Note that we do not write the delta function with the corresponding projector
in the right hand side of (49) assuming that we will focus on the solution of the
equation of motions with the right normalized delta function singularity at ζ → 1.
Actually we have to watch the tensorial structure of this singularity also. Taking
into account that the leading term of the projector always is δ(z1, z2)(a
µgµν(z1)c
ν)ℓ
we see that the most important and singular function in our propagator is the
function F0 from Ψ
ℓ[F ] = Iℓ1F0+. . . because I1(a, b; ζ)→ −aµgµν(z1)cν when ζ →
1 and ℓ is even. The structure of the other terms in (49) will be fixed automatically
after considering the two other conditions (47) and (48). Substituting (36) in
the double tracelessness condition (47) using recursively the trace map (38) and
neglecting all trace terms, we obtain the following relations
[✷a]
2Kℓ = I42cΨ
ℓ−4 [Θ] +O(a21, c
2
2) = 0, (50)
Θk = (Trℓ−2TrℓF )k + 4(α0 − 2)(Trℓ−2G)k + 8(α0 − 2)(α0 − 4)Hk, (51)
(Trℓ−2TrℓF )k = (ℓ− k − 2)(ℓ− k − 3)(TrℓF )k
+2(k + 1)(ℓ− k − 3)ζ(TrℓF )k+1 + (k + 2)(k + 1)(ζ2 − 1)(TrℓF )k+2. (52)
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We see that from the conditions Θk(ζ) = 0 we can express Hk(ζ) as functions of
the Gk(ζ) and Fk(ζ) . The next neglected term of order O(c
2
2) will express the
functions Tk from the expansion (36) in a similar way. It is clear that due to the
double tracelessness condition we have only two free sets of functions Fk(ζ) and
Gk(ζ).
Then we consider the de Donder gauge condition. After insertion of (36) into
the Eq. (48) and using (40) and (38) we obtain
∇µ ∂
∂aµ
Kℓ − 1
2
(a∇)✷aKℓ
= I2cΨ
ℓ−1[Mk]− 1
2
(a∇)I22cΨℓ−2[Nk] +O(a21, c22), (53)
Mk(ζ) = (DivℓF )k + 2(k + 2)Gk + 2G
′
k−1, (54)
Nk(ζ) = (TrℓF )k + 2α0Gk. (55)
Using the gradient map (42),(43) and the formulas from the Appendix A we can
derive the following relation
(a∇)I22cΨℓ−2[Nk] = I2cΨℓ−1[(k + 2)Nk +N ′k−1] +O(a21). (56)
This leads to the final equation
(DivℓF )k − 1
2
[
(k + 2)(TrℓF )k + (TrℓF )
′
k−1
]
= (α0 − 2)
[
(k + 2)Gk +G
′
k−1
]
. (57)
From the latter we can express all Gk as the functions of the unconstrained Fk.
So we understood that double tracelessness and de Donder condition fix the
propagator and we have freedom only in the first set of functions Fk forming the
leading term Ψℓ[F ] of the propagator Kℓ(a, b; ζ) (36). This last free set we can
fix only from the dynamical equation of motion (49) using the Laplacian map
(44)-(46)
(LapℓF )k + ℓFk −∆ℓ(∆ℓ − d)Fk = 0⇒ (58)
(ζ2 − 1)F ′′k + (d+ 1 + 4k)ζF ′k + [2ℓ+ k(d+ 2ℓ− k)]Fk
+2ζ(k + 1)2Fk+1 + 2(ℓ− k + 1)F ′k−1 = ∆ℓ(∆ℓ − d)Fk. (59)
These equations are again recursive and will express the higher functions Fk
through the lower ones.
As an initial condition we use that F0 satisfies the wave equation of a scalar
field of dimension ∆ℓ
(ζ2 − 1)F ′′0 + (d+ 1)ζF ′0 −∆ℓ(∆ℓ − d)F0 = 0, ζ 6= 1. (60)
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Then from (59) with k = 0 follows
F1(ζ) = − ℓ
ζ
F0. (61)
This result can be generalized to an ansatz of a ”main” term and a ”small” (at
ζ →∞) term
Fk = ckζ
−kF0 + fk, (62)
ck = (−1)k
(
ℓ
k
)
, f0 = f1 = 0. (63)
We introduce the differential operator Dk to abbreviate (59)
Dk(Fk) + 2ζ(k + 1)
2Fk+1 + 2(ℓ− k + 1)F ′k−1 = 0 (64)
Inserting only the main part of (62) into (64) we obtain a residual expression
Res(Fk) =
kck
ζk+2
(2ζF ′0 − (k + 1)F0) . (65)
It is smaller by O(ζ−2) at ζ →∞ than the main term of Fk and arises in
(ζ2 − 1)F ′′k = ckζ−k
{
(ζ2 − 1)F ′′0 − 2kζ−1(ζ2 − 1)F ′0
+k(k + 1)ζ−2(ζ2 − 1)F0
}
(66)
from the two underlined terms. Thus we end up with
Dk(fk) + 2ζ(k + 1)
2fk+1 + 2(ℓ− k + 1)f ′k−1 = −Res(Fk) (67)
which can be rewritten as
fk+1 =
1
2(k + 1)2ζ
{−Res(Fk)−Dk(fk)− 2(ℓ− k + 1)f ′k−1} . (68)
The first cases are
f0 = f1 = 0, (69)
f2 =
ℓ
4ζ4
(ζF ′0 − F0) , (70)
f3 = − 1
18ζ
[
ℓ(ℓ− 1)
ζ4
(2ζF ′0 − 3F0) +D2(f2)
]
. (71)
The main term of (62) can be summed and gives for the propagator without trace
terms (
I1 − 1
ζ
I2
)ℓ
F0(ζ) (72)
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In the bulk-to-boundary limit (see the next section for details) this reduces
to Dobrev’s propagator [18] (without trace terms).
The solution for the wave equation (60) is [15, 6]
F0 = Cζ
−∆ℓ
2F1(
1
2
∆ℓ,
1
2
(∆ℓ + 1);∆ℓ − µ+ 1; ζ−2). (73)
We set the normalization constant C equal to
C =
Γ(1
2
∆ℓ)Γ(
1
2
(∆ℓ + 1))
(4π)µ+
1
2Γ(∆ℓ − µ+ 1)
. (74)
and use the fact that for ζ → 1
2F1(
1
2
∆ℓ,
1
2
(∆ℓ + 1);∆ℓ − µ+ 1; ζ−2)
=
Γ(∆ℓ − µ+ 1)Γ(µ− 12)
Γ(1
2
∆ℓ)Γ(
1
2
(∆ℓ + 1))
(ζ2 − 1)−µ+ 12 +O(1), ℜµ > 1
2
, (75)
and
✷
Γ(µ − 1
2
)
(4π)µ+
1
2
(ζ2 − 1)−µ+ 12 = −δ(z1, z2) + regular terms, (76)
So we prove that F0(ζ) appears as the kernel for the inverse wave operator
(−✷ + m2) for the massive scalar field in Euclidian AdSd+1 space with m2 =
∆ℓ(∆ℓ − d).
4 Bulk-to-boundary limit
Now we can take the boundary limit and obtain the spin ℓ bulk-to-boundary prop-
agator from the bulk-to-bulk propagator directly. For this purpose we mention
that the boundary of AdS space is approached in the limit
z0 → 0, (77)
which is connected with the limit ζ →∞ due to
lim
z0
2
→0
2z01z
0
2ζ(z1, z2) = (z
0
1)
2 + (~z1 − ~z2)2. (78)
Then following the explanation of the previous section we see that at the bound-
ary only the main term (72) survives and we get
lim
z0
2
→0
cµ=(0,~c)
(z02)
ℓ−∆
(
I1 − 1
ζ
I2
)ℓ
F0(ζ) = 2
∆C
(z01)
d−2
[(z01)
2 + (~z1 − ~z2)2]∆
[R(a,~c; z1 − ~z2)]ℓ , (79)
R(a,~c; z1 − ~z2) =< ~a,~c > −2(a, z1) < ~z1 − ~z2,~c >
(z01)
2 + (~z1 − ~z2)2 . (80)
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Here we introduced the d+ 1 and d dimensional Euclidian scalar products
(a, z) =
d∑
µ=0
aµzµ, < ~c, ~z >=
d∑
i=1
cizi (81)
and the Jacobian tensor
Rµν(z) = δµν − 2 zµzν
(z, z)
. (82)
We see that the limit (79) really produces Dobrev’s [18] boundary-to-bulk prop-
agator without trace terms.
Actually we need only this leading term because all other trace terms depend
on the gauge condition (48) applied to the bulk dependent side of the right hand
side of (79). On the other hand we can fix the trace terms by requiring the tensor
fields to approach a certain tensor type on the boundary. In the case of irreducible
d dimensional CFT currents we have to claim tracelessness with respect to the
indices contracted with ~c
✷~cG
(ℓ)
AdS/CFT (a,~c; z) =
∂2
∂~c∂~c
(
G(ℓ)m (a,~c; z) + trace terms
)
= 0, (83)
G(ℓ)m (a,~c; z) =
(z0)d−2
(z, z)∆
[R(a,~c; z)]ℓ . (84)
Here we omit the normalization factor 2∆C and put for simplicity ~z2 = 0 and
zµ1 = z
µ (we can always restore the right dependence on the boundary coordinate
~z2 using translation invariance in the flat boundary space).
Then considering the boundary limit of the I3 and I4 dependent terms we can
easily render the propagator (83) traceless on the boundary by the projection†
G
(ℓ)
AdS/CFT (a,~c; z) = G
(ℓ)
m (a,~c; z)−
(a, a)− [R0(a; z)]2
2(α0 − 1)(z0)2 ✷aG
(ℓ)
m (a,~c; z)
+O(a4) +O(c4). (85)
The complete polynomial expression for G
(ℓ)
AdS/CFT (a,~c; z) is presented in the Ap-
pendix B, Eqn. (B.10). But here we consider only the first order trace term
✷aG
(ℓ)
m (a,~c; z) = ℓ(ℓ− 1)
(z0)d
(z, z)∆
< ~c,~c > [R(a,~c; z)]ℓ−2 , (86)
R0(a; z) = aµR0µ(z) = a
0 − 2z
0(a, z)
(z, z)
, α0 = d+ 2ℓ− 3. (87)
†In this section we used the exact expression for Christoffel symbols
Γλµν =
1
z0
(
δλ0 δµν − 2δ0(µδλν)
)
and the AdS trace rule ✷a = (z
0)2δµν ∂
2
∂aµ∂aν
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The important point of this consideration is the following: The expression (85)
is automatically traceless on the AdS side.
✷aG
(ℓ)
AdS/CFT (a,~c; z) = 0, (88)
due to the relations
δµνR0µ(z)R
0
ν(z) = 1 , δ
µνR0µ(z)Rν(~c; z) = 0 (89)
This is natural because the original bulk-to-bulk basis {Ii(a, c; ζ)}4i=1 was sym-
metric with respect to the a↔ c exchange . Then we see that this projection in
agreement with de Donder gauge condition (48) (for traceless case) leads to the
transverse-traceless bulk-to-boundary propagator (85) for all higher spin fields on
AdS side. For proving this we have to calculate several relations in first order of
(a, a) and < ~c,~c > (see details in Appendix B)
∇µ ∂
∂aµ
G(ℓ)m (a,~c; z) = ℓ(ℓ− 1)
(z0)d−1
(z, z)∆
< ~c,~c > [R(a,~c; z)]ℓ−2R0(a; z), (90)
aµ∇µ✷aG(ℓ)m (a,~c; z) = ℓ(ℓ− 1)
(z0)d−1
(z, z)∆
< ~c,~c > [R(a,~c; z)]ℓ−2R0(a; z)(α0 − 1), (91)
∇µ ∂
∂aµ
[R0(a; z)]2
(z0)2
✷aG
(ℓ)
m (a,~c; z) = 0. (92)
Putting all together we obtain
∇µ ∂
∂aµ
G
(ℓ)
AdS/CFT (a,~c; z) = 0. (93)
So we see that the Goldstone mode (non transverseness of the propagator) can
not be visible after trace projection on the boundary side corresponding to the
case of the traceless currents in the large N limit of the O(N) sigma model.
The next interesting question which we can ask is the transversal property of
the bulk-to-boundary propagator on the boundary side. The answer is negative.
The divergence on the boundary side of the traceless bulk-to-boundary propaga-
tor is not zero and equals a gauge term (gradient) with respect to the bulk gauge
invariance. Using the formulas from Appendix B one can check that
∂
∂~z
· ∂
∂~c
G
(ℓ)
AdS/CFT (a,~c; z) = a
µ∇µΛ(ℓ−1)(a,~c; z), (94)
Λ(ℓ−1)(a,~c; z) = 2ℓ
(α0 − 1)(ℓ+ d− 1)− 2(ℓ− 1)
α20 − 1
(z0)d
(z, z)∆ℓ+1
[R(a,~c; z)]ℓ−1. (95)
We see that the boundary trace projection generates the bulk gauge term on the
boundary side and is equivalent to the residual on-shell gauge fixing preserving
the bulk side de Donder off-shell gauge (this property of the bulk-to-boundary
propagator was mentioned in [13] and in [22] for the vector field case).
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Finalizing our consideration we can define now the CFT propagator from (85)
by a0 = 0 and the limit z0 → 0. Due to the vanishing of R0(a; z) in this limit we
get
G
(ℓ)
CFT (~a,~c; ~z) = lim
z0→0
(z0)2−dG
(ℓ)
AdS/CFT (~a,~c; z)
= G(ℓ)m (~a,~c; ~z)−
< ~a,~a >
2(α0 − 1)✷~aG
(ℓ)
m (~a,~c; ~z) +O(< ~a,~a >
2) (96)
(97)
Thus the limit (96) defines the correct CFT two point function for traceless
conserved‡ currents.
So we prove that the boundary limit of our bulk-to-bulk propagator in the
de Donder gauge is in agreement with the bulk-to-boundary propagator obtained
from the AdS isometry group representation theory.
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Appendix A
In this article we use the following rules and relations for ζ(z, z′), I1a, I2c and the
bitensorial basis {Ii}4i=1
✷ζ = (d+ 1)ζ, ∇µ∂νζ = gµνζ, gµν∂µζ∂νζ = ζ2 − 1, (A.1)
∂µ∂ν′ζ∇µζ = ζ∂ν′ζ, ∂µ∂ν′ζ∇µ∂µ′ζ = gµ′‘ν′ + ∂µ′ζ∂ν′ζ, (A.2)
∇µ∂ν∂ν′ζ∇µζ = ∂νζ∂ν′ζ, ∇µ∂ν∂ν′ζ = gµν∂ν′ζ, (A.3)
∂
∂aµ
I1a
∂
∂aµ
I1a = ζ
2 − 1, ∂
∂aµ
I1
∂
∂aµ
I1a = ζI2c, (A.4)
∂
∂aµ
I1
∂
∂aµ
I1 = c
2
2 + I
2
2c,
∂
∂aµ
I1
∂
∂aµ
I2 = ζI
2
2c, ✷aI4 = 2(d+ 1)c
2
2, (A.5)
∂
∂aµ
I2
∂
∂aµ
I2 = (ζ
2 − 1)I22c, ✷aI3 = 2(d+ 1)I22c + 2c22(ζ2 − 1), (A.6)
∇µ ∂
∂aµ
I1 = (d+ 1)I2c, ∇µ ∂
∂aµ
I2 = (d+ 2)ζI2c, ∇µI1∂µζ = I2, (A.7)
∇µ ∂
∂aµ
I3 = 4I1I2c + 2(d+ 2)ζc
2
2I1a, ∇µI2∂µζ = 2ζI2, (A.8)
∂
∂aµ
I1∂µζ = ζI2c,
∂
∂aµ
I2∂µζ = (ζ
2 − 1)I2c, ∂
∂aµ
I1∇µI1 = I1I2c, (A.9)
∂
∂aµ
I1∇µI2 = I2c (ζI1 + I2) + c22I1a,
∂
∂aµ
I2∇µI1 = I2cI2, (A.10)
∂
∂aµ
I2∇µI2 = 2ζI2cI2, ∇µI1∇µI1 = a21I2c, ✷I1 = I1, (A.11)
∇µI1∇µI2 = I2I1 + a21ζI2c, ✷I2 = (d+ 2)I2 + 2ζI1, (A.12)
∇µI2∇µI2 = I22 + 2ζI1I2 + a21I22cζ2 + c22I21a, ∇µI2∂µζ = 2ζI2, (A.13)
aµ∇µI1a = a2ζ, aµ∇µI2c = I1, aµ∇µI1 = a2I2c, (A.14)
aµ∇µI2 = a2ζI2c + I1aI1, ∇µI1∂µζ = I2. (A.15)
Appendix B
Here we prove the relations (90)-(93). The more transparent way of working with
the boundary-to-bulk propagator for higher spins is to introduce two additional
objects
φ0(z) =
z0
(z, z)
, (B.1)
ψ(~c, z) =
< ~c, ~z >
(z, z)
, (B.2)
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satisfying the following relations
aµ∂µφ
0(z) =
R0(a; z)
(z, z)
, aµ∂µψ(~c, z) =
R(a,~c; z)
(z, z)
, (B.3)
✷φ0(z) = −(d− 1)φ0(z), ✷ψ(~c, z) = 0, (B.4)
aµaν∇µ∂νψ(~c, z) = 2[φ0(z)]−1aµ∂µφ0(z)aν∂νψ(~c, z), (B.5)
∇µφ0(z)∂µφ0(z) = (φ0)2, ∇µφ0(z)∂µψ(~c, z) = 0 (B.6)
∇µψ(~c, z)∂µψ(~c, z) = (φ0)2 < ~c,~c >, (B.7)
✷ = ∇µ∂µ, ∇µ
{
φ0(z)
ψ(~c,z)
}
= gµν∂ν
{
φ0(z)
ψ(~c,z)
}
, (B.8)
∇µ∂ν = gµν
(
∂µδ
λ
ν − Γλµν
)
∂λ, Γ
λ
µν =
1
z0
(
δλ0 δµν − δλµδν0 − δλν δµ0
)
. (B.9)
Then using (B.1)-(B.3) we can rewrite the AdS/CFT bulk-to-boundary propa-
gator (85) in the following complete form
G
(ℓ)
AdS/CFT (a,~c; z) = (φ
0(z))d−2
[ℓ/2]∑
k=0
(−ℓ)2k
22kk!(1−α0
2
)k
[aµ∂µψ(~c, z)]
ℓ−2k
× [< ~c,~c > (aµaµ(φ0(z))2 − [aµ∂µφ0(z)]2)]k . (B.10)
After that the proof of the condition
∇µ ∂
∂aµ
G
(ℓ)
AdS/CFT (a,~c; z) = 0 (B.11)
reduces to the differentiation of the right hand side of with the covariant Leibniz
rules and use of the relations (B.4)-(B.6).
For taking the divergence on the boundary side of (85) or (B.10) we need the
following identities for ψ(~c, z) and φ0(z)
~ψ(z) =
∂
∂~c
ψ(~c, z) =
~z
(z, z)
, ~ψ(z) · ~ψ(z) = 1
(z, z)
− [φ0(z)]2, (B.12)
∂
∂~z
φ0(z) = −2φ0(z)~ψ(z), aµ∂µ ∂
∂~z
· ~ψ(z) = aµ∂µd− 2
(z, z)
+ 4φ0(z)aµ∂µφ
0(z), (B.13)
∂
∂~z
φ0(z) · aµ∂µ ~ψ(z) = 2[φ0(z)]2aµ∂µφ0(z)− φ0(z)aµ∂µ 1
(z, z)
, (B.14)
aµ∂µ
∂
∂~z
ψ(~c, z) · aν∂ν ~ψ(z) = 2φ0(z)aµ∂µφ0(z)aµ∂µψ(~c, z)
−2ψ(~c, z) ([φ0(z)]2aµaµ − [aµ∂µφ0(z)]2) (B.15)
Then performing boundary differentiation of (B.10) and using (B.12)-(B.15) we
obtain
∂
∂~z
· ∂
∂~c
G
(ℓ)
AdS/CFT (a,~c; z) = a
µ∇µΛ(ℓ−1)(a,~c; z) +O(< ~c,~c >), (B.16)
Λ(ℓ−1)(a,~c; z) = 2ℓ
(α0 − 1)(ℓ+ d− 1)− 2(ℓ− 1)
α20 − 1
[φ0(z)]d[aµ∂µψ(~c, z)]
ℓ−1. (B.17)
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